This note investigates the image of the transfer homomorphism for permutation representations of finite groups over finite fields. One obtains a number of results showing that the image of the transfer Im(Tr) together with certain Chern classes generate the ring of invariants as an algebra. By a careful analysis of orbit sums one finds the surprising fact that the ideal Im(Tr) is a prime ideal for cyclic p-groups and determines an upper bound on its height.
Introduction.
Let 
, see [9] Section 11.5, [3] , [5] , [7] , [8] and [10] . In this note we discuss the transfer for permutation representations. By a permutation representation ρ : G →GL(n, F) we understand a linear representation together with a basis X = {x 1 , . . . , x n } for F n , or its dual, referred to as the permutation basis, such that G permutes the elements of X. It turns out that the image of the transfer for cyclic p-groups is a prime ideal of height at most n − k, where k denotes the number of orbits of a permutation basis. In the special case of sums of copies of the regular representation of cyclic p-groups this upper bound on the height can be considerably improved. We generalize these results to arbitrary groups G with appropriate p-Sylow subgroup. This is the contents of Section 2.
In Section 3 we consider sums of copies of the regular representation of arbitrary p-groups. It transpires that the transfer is surjective exactly in degrees prime to the characteristic. This allows us in Section 4 to describe a generating set as an algebra of the ring of invariants of Z/p in any permutation representation, and also for the ring of invariants of a group with order 2p in its regular representation: Both consist of the image of the transfer and certain Chern classes.
This applies to the regular representation of Z/4 over a field of characteristic two, i.e., to one of Marie-José Bertin's famous examples and leads to a description of this ring of invariants, which appears in Section 5.
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Primality of the Image of the Transfer.
In this section we show that the image of the transfer is a prime ideal for permutation representations. Moreover, one can give an upper bound for the height. This generalizes results in [12] .
Let ρ : G →GL(n, F) be a modular permutation representation of a finite group G permuting a basis x 1 , . . . , x n for the dual vector space V * . Denote by
. . , x n ] a monomial, and by [x E ] = {x E |∃g ∈ P with gx E = x E } the set of its orbit elements. Then the orbit sums of monomials Proof. Denote by P x E , resp. P x F the isotropy groups of x E , resp. x F . Since the orbit length is r, resp. s, the order of these groups is given by
The lattice of subgroups of P form a single chain, therefore for r ≥ s
Hence
and therefore
which was to be shown.
The following two examples show that the preceding lemma does not extend to arbitrary cyclic groups nor to noncyclic p-groups. 
Then the orbit sums
have length 2, resp. 3, but their product Then the orbit sums
have orbit length 2, but their product 
where for i = 0, . . . , t, and f i is a linear combination of orbit sums o(x E(i) ) of length p i . Note that the elements in the image of the transfer are precisely the linear combinations of the orbit sums of length
We next show fh ∈ Im(Tr P ). Since h t ∈ Im(Tr P )
, so without loss of generality one may suppose
Likewise by symmetry one may suppose
The analysis of products of orbit sums of monomials above shows that f r h s can always be expressed as a linear combination of orbit sums of length at most p min{r, s} = min{p r , p s }. In particular, fh itself is a linear combination of orbit sums whose length is at most p t−1 . Since F[V ] P is a domain, fh = 0, and therefore at least one of these orbit sums has a nonzero coefficient. Im(Tr P ) is, however, the F-linear span of the orbit sums of length p t and therefore fh ∈ Im(Tr P ) as was to be shown. In order to establish the upper bound 1 for the height, assume that X = {x 1 , . . . , x n }, the basis set, consists of k orbits of P , say the orbits of
it follows that
The preceding result was generalized to arbitrary cyclic permutation groups in [8] Proof. We have just proved that the image of the transfer of the p-Sylow subgroup is prime of height n − k. By Theorem 5.1 in [8] we have
Therefore also Im(Tr G ) is prime. It has the same height, because
is an integral extension of integral domains, in particular, we have the goingdown property. 
where the k j 's are pairwise distinct. So, these monomials form a single Σ p t -orbit and possibly several P -orbits. The number of these monomials is p t p i , which is not divisible 2 by the group order p t . At least one of these orbits contains less than p t elements. Hence c p i can be expressed as a linear combination of orbit sums where at least one is of length strictly less than
Remark. If ρ is a direct sum of k copies of the regular representation, i.e., n = kp t , one gets analogously
where the set of basis elements
Corollary 2.7. Let ρ : P →GL(n, F) be the regular representation of a cyclic p-group P of order p t , so n = p t . Then the image of the transfer is a prime ideal of height at most n − t = p t − t.
Proof. By Theorem 2.4 the image of the transfer is a prime ideal. Since ρ is the regular representation, the set of basis elements X = {x 1 , . . . , x n } consists of exactly one orbit. By Lemma 2.6 the Chern classes of prime power degree, c p , . . . , c p t are not contained in the image of the transfer. Since c p , . . . , c p t are algebraically independent, they generate a polynomial subalgebra of the ring of invariants, which intersects with Im(Tr P ) in the zero ideal. Hence
Remark. Under the weaker assumption that ρ is a direct sum of k copies of the regular representation, i.e., n = kp t , one gets
The proof works analogously.
Like Theorem 2.4 also Corollary 2.7 has a generalization to groups with appropriate p-Sylow subgroup. The main result of this section follows from a simple lemma.
Lemma 3.1. Let ρ : G →GL(n, F) be the regular representation of a finite group G. Then for all subgroups H < G the restriction ρ| H : H →GL(n, F) is the direct sum of |G : H| copies of the regular representation of H.
Proof. If ρ is the regular representation of G then the set X = {x 1 , . . . , x n } of basis element of V * is a finite G-set with G acting freely. Hence for any subgroup H < G the set X is the disjoint union of |G : H| H-sets with H acting freely on each copy.
Remark.
The above lemma remains true under the weaker assumption that ρ is a direct sum of copies of the regular representation. The proof works unchanged.
Theorem 3.2. Let P →GL(n, F) be the regular representation of a p-group of order p t . Then the transfer is surjective in degree if and only if is prime to p = char(F).
Proof. Since ρ is the regular representation, it is in particular a permutation representation. Hence any invariant polynomial f is a sum of orbit sums
. Then at least one monomial x Eα has orbit length less than the order of P , |o(x Eα )| < |P |. This means that the isotropy group of x Eα is nontrivial, hence there exists an element g ∈ P such that
Denote by g ⊂ P the cyclic subgroup generated by g. Then x Eα is a product of top orbit Chern classes of the subgroup g
and its degree is
By Lemma 3.1 g acts on the standard basis x 1 , . . . , x n without fixed points. Therefore, p divides every summand on the right side, and hence deg(x Eα ). In order to prove the reverse conclusion consider the p-th Chern class c p ∈ F[V ] P of x 1 . By Lemma 2.6 c p is not in the image of the transfer. The same argument shows that no power of the p-th Chern class can be in the image of the transfer: An arbitrary power of the p-th Chern class, c ∈ Im(Tr P ). Therefore in any degree which is divisible by p the transfer is not surjective, since it does not contain the appropriate power of c p .
Remark.
The above theorem remains true under the weaker assumption that ρ is a direct sum of copies of the regular representation. Apart from a more cumbersome notation the proof works unchanged.
Corollary 3.3. Let ρ : G →GL(n, F) be a p-regular representation of a finite group G. Then the transfer Tr
G is surjective in degrees prime to the characteristic.
Syl p (G) is contained in the image of the transfer Tr
Since the index d of a p-Sylow subgroup Syl p (G) in G is prime to p we have
The following examples show that Theorem 3.2, resp. the remark following it, are not true under the weaker assumption that ρ is an arbitrary permutation representation. Then orbit sum of the monomial
and hence not in the image of the transfer even though it has degree prime to the characteristic.
The Ring of Invariants of Cyclic and Dihedral Groups.
In this section we see that for the regular representation of groups of order 2p and for arbitrary permutation representations of Z/p the image of the transfer and certain orbit Chern classes generate the ring of invariants as an algebra over F. Proof. Since ρ is a permutation representation the ring of invariants
If not, it is 1, and hence a product of top orbit Chern classes.
Remark. Together with Manfred Göbel's degree bound for permutation representation, [6] , the lemma above shows that in order to find the algebra generators of the ring of invariants one has to calculate the top orbit Chern classes (which have degree 1 or p), and the transfer up to degree max n,
Note that in the following theorem the case p = 2 is not excluded. Proof. Again ρ is a permutation representation and therefore
, and there is nothing to show.
Its degree is divisible by p since ρ is the regular representation.
Case |o(x E )| = p and p = 2: Then
and hence o(x E ) lies in the image of the transfer
Hence x E is a product of top orbit Chern classes of Z/p
By Lemma 3.1 the restriction of ρ to Z/p is the direct sum of two copies of the regular representation of Z/p. Hence the basis {x 1 , . . . , x n } is the disjoint union of two nontrivial Z/p-orbits. So, without loss of generality
where α 1 = α 2 for otherwise x E would be just a power of the top Chern class of G. Moreover, for α 1 > α 2
Hence one can assume that α 2 = 0. By [6] Theorem 5.8 the ring of invariants F[V ] G is generated by orbit sums of special monomials. Therefore α 1 = 1 and
n is the unique orbit of length two of a special monomial in degree p with 0 ≤ e i ≤ 1, ∀i = 0, . . . , n. Therefore, since it is a summand of the p-th Chern class of G
is in the subalgebra generated by the image of the transfer and the p-th Chern class.
Remark. Again, together with Manfred Göbel's degree bound for permutation representation, [6] , the lemma above shows that in order to find the algebra generators of the ring of invariants one has to calculate the orbit Chern classes of degree p and 2p and the transfer up to degree p(2p − 1). 
Then the preceding theorem tells us that the ring of invariants if generated by the two Chern classes of degree divisible by 3, i.e., c 3 (x 1 ) and c 6 (x 1 ), and the image of the transfer map
where the − -brackets emphasize that this is just the F-algebra generated by the elements in the brackets, i.e., it is not a polynomial ring. 
, the ring of invariants is still generated by the image of the transfer and orbit Chern classes.
Mme Bertin's Z/4.
In this section we apply Theorem 4.2 to obtain a description of the ring of invariants of one of Marie-José Bertin's famous examples, [2] . Consider the regular representation of the cyclic group of order 4 over a field 1 , c 2 , c 3 , c 4 , q, k, l, m] ⊃ (c 1 , c 2 , c 4 , q, R has Krull dimension 2. Therefore the height of the image of the transfer is precisely 2.
